Chara cteriza tion of Pol ynomials

W olf gang V olk

Nymphen burger Str. 11, D-10825 Berlin, GERMANY

URL: http://user.berlin.de/~wolfgang.volk

E-Mail: wolfgang.volk@berlin.de

The aim of this short pap er is to pro v e a theorem on p olynomials. It yields a c haracterization for this

class of functions. The prop osition (cf. theorem 0.2 b elo w) is stated in [3] in form of a problem to b e solv ed

b y the reader. In con trast to the cited literature the theorem can b e pro v en exclusiv ely with standard to ols

of analysis. The final part of this pap er is concerned with relaxing the restrictions with resp ect to the domain

still assuring that the prop osition remains true. It should b e men tioned that in accordance with ISO 31-11

(cf. also [2] and the draft prop osal of DIN 1302) N =

def

{ 0 , 1 , 2 , . . . } and N

⋆

=

def

{ 1 , 2 , . . . } . The inclusion

signs are also used as recommended b y ISO 31-11, whic h means “ ⊂ ” and “ ⊃ ” for prop er inclusion and “ ⊆ ”

and “ ⊇ ” if equalit y ma y b e attained.

Definition 0.1: Let I ⊆ R b e a connected set p ossessing more than one p oin t, whic h means that I is

an interval with no regard if it is b ounded, op en, closed or not. A function f : I − → R is called a (r e al)

p olynomial if there exists n ∈ N

⋆

and real n um b ers ( a

0

, a

1

, . . . , a

n − 1

), suc h that for an y x ∈ I the iden tit y

(0 . 1) f ( x ) = n − 1

∑

i =0 a

i

· x i

holds. n is called the or der and n − 1 is called the de gr e e of the p olynomial f .

Throughout this pap er differen tiation is used in op erator notation.

Definition 0.2: Let I b e an op en not necessarily b ounded in terv al in the sense of definition 0.1. By the

op erator

D : C

1

( I ) − → C ( I )

(0 . 2)

f − → f

′

also higher deriv ativ es ma y b e expressed in form of D n

f , for n ∈ N . It emphasizes the fact that deriv ativ es

of a function are functions to o.

The follo wing theorem is w ell kno wn. It pro vides a c haracterization of p olynomials. (F or the definition

of the space L n

1

[ a, b ] the reader is referred to [4, p. 14], but in this con text it ma y b e replaced b y C

∞

( a, b ).)

Theorem 0.3: L et a , b ∈ R with a < b . Then f : ( a, b ) − → R is a p olynomial if and only if ther e exists

n ∈ N

⋆

such that f ∈ L n

1

[ a, b ] and for al l x ∈ ( a, b ) the identity D n

f ( x ) = 0 holds, which me ans that the n -th

derivative of f vanishes identic al ly.

Pr o of: “ ⇒ ” Let f b e a p olynomial of order m and x ∈ ( a, b ) b e arbitrarily giv en. Differen tiation

of b oth sides of (0.1) yields D m − 1

f ( x ) = ( m − 1)! · a

m − 1

, whic h is a constan t. Hence D m

f = 0, whic h

means that the c hoice n = m yields the desired result. “ ⇐ ” By T a ylor’s theorem [4, theorem 2.1] f ( x ) =

∑

n − 1

i =0

D i

f ( x

0

) · ( x − x

0

) i

/i ! +

∫

x

x

0

( x − t ) n − 1

/ ( n − 1)! · D n

f ( t ) dt , for an y x

0

, x ∈ ( a, b ). The last term v anishes

iden tically . No w c ho ose

(0 . 3) a

j

= n − 1

∑

i = j

( − x

0

) i − j

· D i

f ( x

0

)

j ! · ( i − j )!

,

for j = 0(1) n − 1.

2 W. V olk

The follo wing theorem yields another c haracterization whic h lo oks to b e m uc h more w eak er than the

preceding one. Please, tak e in to accoun t that the in terv al under consideration is no w op en and b ounded. But

b efore this theorem will b e stated, some of the items and abbreviations used subsequen tly will b e defined first.

Moreo v er some helpful results will b e pro vided in adv ance in order to k eep the pro of itself w ell-structured.

Convention 0.4: Let I b e an in terv al as in definition 0.1 and f : I − → R . Then let

(i) Z ( f ) =

def

{ x ∈ I | f ( x ) = 0 } denote the set of al l zer o es of the function f ,

(ii) I ( f ) =

def

{

x ∈ I | f ( x ) = 0 and there exists ε > 0 suc h that Z ( f ) ∩ ( x − ε, x + ε ) = { x }

}

denote the set

of al l isolate d zer o es of the function f ,

(iii) A ( f ) =

def

{

x ∈ I | for all ε > 0 there exists y ∈ Z ( f ) \ { x } with | x − y | < ε

}

denote the set of ac cumu-

lation of zer o es of the function f .

Remark 0.5: F rom the definition the relation A ( f ) ∩ I ( f ) = ∅ and Z ( f ) ⊆ I ( f ) ∪ A ( f ) follo ws immediately .

Lemma 0.6: F or any f : I − → R the set I ( f ) is denumer able.

Pr o of: Consider the ordered set I ( f ). An y t w o adjacen t elemen ts (p oin ts) ha v e a strictly p ositiv e

distance, whic h means that there is a rational n um b er in b et w een. Hence there are at most as man y isolated

zero es as rational n um b ers (increased b y 1).

Cor ollar y 0.7: L et I b e an op en not ne c essarily b ounde d interval and f ∈ C

∞

( I ) . Then

⋃

n ∈ N

I ( D n

f ) is

denumer able.

Pr o of: Clear due to [1, p. 9].

Lemma 0.8: L et f ∈ C ( I ) . Then

(i) A ( f ) ⊆ Z ( f ) ,

(ii) A ( f ) ∪ I ( f ) = Z ( f ) .

Pr o of: (i) Clear, due to the fact that Z ( f ) is closed as far f is con tin uous. (ii) “ ⊆ ” Clear due to (i) and

the definition of I ( f ). “ ⊇ ” Let z ∈ Z ( f ). Then it is an isolated zero or not. If not then z ∈ A ( f ).

Lemma 0.9: L et I b e an op en not ne c essarily b ounde d interval and for an n ∈ N

⋆

let f ∈ C ( I ) . Then the

r elation A ( D n − 1

f ) ⊆ A ( D n

f ) holds.

Pr o of: Let x ∈ A ( D n − 1

f ). Then there is a sequence ( x

m

)

m ∈ N in Z ( D n − 1

f ) \ { x } con v erging to x .

Without loss of generalit y one ma y assume that x

m

≠ x

m − 1 for all m ∈ N

⋆

Due to Rolle’s theorem [4,

theorem 2.19] there is for an y m ∈ N a p oin t y

m in the op en in terv al built from b oth p oin ts x

m and

x

m +1 with the prop ert y D n

f ( y

m

) = 0. Ob viously ( y

m

)

m ∈ N also con v erges to x , whic h exactly means that

x ∈ A ( D n

f ).

Theorem 0.10: L et a , b ∈ R with a < b . Then f : ( a, b ) − → R is a p olynomial if and only if f ∈ C

∞

( a, b )

and for any x ∈ ( a, b ) ther e exists n ∈ N such that D n

f ( x ) = 0 .

Pr o of: “ ⇒ ” clear b y theorem 0.3. “ ⇐ ” Assume that f is not a p olynomial but that for an y x there exists

n suc h that D n

f ( x ) = 0 still hoping that this leads to a con tradiction. F rom lemma 0.6 the existence of

n

0

∈ N follo ws, suc h that A ( D n

0

f ) ≠ ∅ . This means that there is y

0

∈ A ( D n

0

f ). Since f is not a p olynomial

there exists x ∈ ( a, b ) with D n

0

f ( x ) ≠ 0 (theorem 0.3). The con tin uit y of f assures that there exist

a < r < x < s < b with Z ( D n

0

f ) ∩ ( r , s ) = ∅ . Without loss of generalit y assume that y

0

≤ r < s ≤ b (instead

of a ≤ r < s ≤ y

0

). With the same argumen t with resp ect to ( r , s ) instead of ( a, b ) there exists n

1

≥ n

0 and

y

1

∈ ( r , s ) suc h that y

1

∈ A ( D n

1

f ). The in teresting thing is that there exists r

0 and r

1 satisfying y

0

≤ r ≤

r

0

< r

1

≤ y

1 and ( r

0

, r

1

) ∩ A ( D n

1

f ) = ∅ . T o pro v e this, assume that there is no suc h an in terv al ( r

0

, r

1

). Then

( y

0

, y

1

) ∩ A ( D n

1

f ) m ust b e dense in ( y

0

, y

1

). Since A ( D n

1

f ) is closed b y lemma 0.8(i) and its definition there

m ust b e ( y

0

, y

1

) ⊂ A ( D n

1

f ). Consequen tly b y means of T a ylor’s theorem [4, theorem 2.1] for an y y ∈ ( r , y

1

)

there is D n

0

f ( y ) =

∑

n

1

− 1

i = n

0

D i

f ( y

0

) / ( i − n

0

)! · ( y − y

0

) i − n

0

+

∫

y

y

0

D n

1

f ( t ) / ( n

1

− n

0

)! · ( y − t ) n

1

− n

0

dt = 0

due to lemma 0.9, whic h is a con tradiction to the fact that the in terv al ( r , s ) con tains no zero es of D n

0

f .

Again with the same argumen t there exists n

2

≥ n

1 and y

2

∈ ( r

0

, r

1

) with y

2

∈ A ( D n

2

f ) as w ell as

r

0

= r

0 , 0

, r

0 , 1

≤ y

2

≤ r

1 , 0

< r

1 , 1

= r

1 suc h that

(

( r

0 , 0

, r

0 , 1

) ∪ ( r

1 , 0

< r

1 , 1

)

)

∩ A ( D n

2

f ) = ∅ . Con tin uing this

approac h leads to a nested system of sets built from disjoin t in terv als. F or an y n and an y ( i

1

, . . . , i

n

) ∈ { 0 , 1 } n

define s

i

1

, ... ,i

n

= lim

m →∞ r

i

1

, ... ,i

n

, i

n

, ... ,i

n

m times

. Please ha v e in mind that all these sequences are b ounded (b y y

0

from b elo w and b y y

1 from ab o v e) and monotonely (increasing if i

n

= 0 and decreasing if i

n

= 1) and hence

are con v ergen t. A set similar to Can tor’s set [1] is formed b y the system of in terv als [ s

i

1

, ... ,i

n − 1

, 0

, s

i

1

, ... ,i

n − 1

, 1

].

P olynomials 3

This set needs not to ha v e the meassure 0, but it is not den umerable and con tains only a den umerable subset

of elemen ts, namely the endp oin ts of the subin terv als, whic h ma y b e in

⋃

n ∈ N

A ( D n

f ). Moreo v er this set

con tains at most den umarably man y isolated zero es of the function f and its deriv ativ es due to corollary

0.7. Hence it follo ws that this set con tains elemen ts for whic h neither f nor one of its deriv ativ es v anishes.

But this statemen t forms the con tradiction to the assumptions.

The remainder of this pap er is concerned with relaxation the restrictions with resp ect to the domain

of the function f in the preceding theorem. First it is sho wn that the b oundedness of the domain is not

necessary .

Cor ollar y 0.11: L et I ⊆ R b e an op en unb ounde d interval, which me ans that I is of one the forms ( a, ∞ ) ,

( ∞ , b ) or R with r e al numb ers a and b . Then the pr op osition of the or em 0.10 r emains true if ( a, b ) is r eplac e d

by I .

Pr o of: In the pro of of theorem 0.10 it has no where b een used that the domain of f is b ounded. The

existence of y

0

, x , r and s follo ws an yw a y .

The necessit y to consider nonop en in terv al separately follo ws from the traditional definition of differ-

en tiabilit y , whic h means that smo othness is only w ell-defined for in terior p oin ts of the domain. But if the

function under consideration is in addition assumed to b e con tin uous theorem 0.10 pro vides sufficien t and

necessary conditions for p olynomials, whic h m ust only hold in the in terior of the domain.

Cor ollar y 0.12: L et I ⊆ R b e an arbitr arily given interval and f ∈ C ( I ) . Then the pr op osition of the or em

0.10 r emains true for f

I

∘ , wher e I

∘

denotes the biggest op en subinterval of I , if ( a, b ) is r eplac e d by I

∘

.

Pr o of: “ ⇒ ” Theorem 0.10 yields a p olynomial f with resp ect to I

∘

let’s sa y with order n . No w

let y ∈ I \ I

∘

and ( x

m

) b e a sequence in I

∘

con v erging to y . F rom lim

m →∞

∑

n − 1

i =0 a

i

· x i

m

=

∑

n − 1

i =0 a

i

·

( lim

m →∞ x

m

) i

=

∑

n − 1

i =0 a

i

· y i

there is only one w a y to extend f

I

∘ to the whole in terv al I . “ ⇐ ” Clear, since

p olynomials are con tin uous.

References

[1] Alexandr off, P. S.: Einf ührung in die Mengenlehre. VEB V erlag der Wissensc haften, Berlin, 1971

[2] Brecht, G.: Bezeichnungen in der Mathematik, DMV-Mitteilungen Heft 3 (1997), 66 - 67

[3] Gale, D.: Mathematic al entertainment, Math. In tell. 13.1 (1991), 42

[4] Schumaker, L. L.: Spline F unctions; Basic Theory . Wiley , New Y ork 1981